Sushain K. Cherivirala

MATHEMATICS FUNDAMENTALS

EXPONENTS:

n
a = | |a

x=1
{fneN|n>0}

amtn = gMmagn (ab)™ = a™b™

1
a™m = (a™)n = Vam

m-n _ -n _— myn — ,mn
A"t =— a o (@' =a

LOGARITHMS:
logp,x =y

by =x

10gb b=1 plogbx =
logb 1=0 10gb b* = x

Product Identity: lOgb xil' = logb X+ logb y change of Base Formula: logb x = izziz
uotient Identity: log,, = = log, x — lo

Q V1080, , &b &Y Natural Logarithm: log, x = Inx
Power Identity: log,a x” = _log), x Common Logarithm: log;, x = logx
Root Identity: log,, Rfx = v
ABSOLUTE VALUE (Va):

—a, x<0
lal = { a x=0
|—al = |al |g| _lal
lab| = |al|b| bl |b]

la + b| < |a| + |b]|

BASIC FACTORING FORMULAS:
x’—a’=(x—-a)(x+a)
x2+a?=(x—ia)(x +ia) x3—3ax?+3a’x—a® = (x —a)?
x2+2ax + a? = (x + a)? x3+a®=(x+a)(x?—ax +a?)
x? —2ax +a%? = (x — a)? x3—a%=(x—a)(x?+ax +a?)
x2+(a+b)x+ab=(x+a)x+b) x"—a"=(x—-a)(x"+ax™"? +a’x"3 + -
x3+3ax?+3a%x+ a3 = (x +a)? +ax™ % +x"1)
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CoMPLEX NUMBERS (C):
Imaginary Unit: i = v/—1 i?=-1 V—a =iva

Euler Form (a,be R b#0):d =a+bi €C a: real part b: imaginary part
Complex Modulus: |§| = Va? + b?
Complex Argument\Phase: § = tan™?! b

Phasor\Component Form (z,0 € R): § = |§|(cos 6 + isin8) = |§| cis& = |5|e? B: complex argument\phase

Complex Conjugate of 8: § = a — bi Im
Complex Addition: (a + bi) + (c+di) = (a+c¢)+i(b +d) A a+bi
Complex Subtraction: (a + bi) — (c +di) = (a—c) +i(b—d) bpF——=

Complex Multiplication: (a + bi)(c + di) = (ac — bd) + i(ad + bc)

a+bi _ (ac—bd)+i(bc—ad)

I Imaginary Plane
Complex Division:—— = —————————= : Real Axis vs.

|

]

c+di c2+d? . .
De’ Moivre’s Identity: 6™ = |§]|(cosnf + isinnf) Imaginary Axis

» Re

1 g(cﬂ'd) 0

. c+i . —
Complex Exponentiation: a + bi¢*% = (a2 4+ b2) 2z ' ™" a

LIMITS: (f(x) = Real function;a,b,c,S,L € R;I - Open interval containing c)

}Clnzf(x) =L oVxeNc},f(xX) ERAVE>03I6>0:Vx(0<|x—c|<d-|f(x)—L|<e)

Limit as x Approaches +co: lir+n f)=LeVve>03S>0:Vx(x>S—- |f(x)—L|<¢)
x—+00

Limit as x Approaches —co: lim f(x) =L e VvVe>035<0:Vx(x <S- |f(x)—L|<¢)
X—>—00

Limit Approaching +co: lim f(x) = +00 & Vx € I\{c},f(x) ERAVe>03IF>0:Vx (0 <|x—c|<d - f(x) > ¢)
xX—C

Limit Approaching —co: lim f(x) = —0 & Vx € I\{c}, f(x) ERAVe<03IF>0:Vx(0<|x—c|<d - f(x) <¢)
xX—C

Limit from the Right: lim f(x) =L & Vx € I\{c},f(x) ERAVe>035>0:Vx (0 <x—c<d - |f(x) —L|>¢)
X—C
Limit from the Left: lim f(x) =L o Vx € I\{c},f(x) ERAVe>036>0:Vx(0<c—x<d-|f(x)—L| <¢)
X—-C

Existence of a Limit: lim f(x) = L & lim f(x) = lim f(x) =L
x-c x-ct x—c~

Given that all limits are defined and k,c € R:
Constant Law: lim k = k,
X—=C
Identity Law: limx = a
X—=C
Scalar Law: lim[kf (x)] = k lim f(x)
X—=C xX—C
Sum and Difference Law: lim[f (x) + g(x)] = lim f(x) + lim g(x)
xX—C xX—C xX—C
Product Law: lim[f (x)g(x)] = lim £ (x) lim g (x)
xX—C xX—C xX—C
Quotient Law: lim[f (x)/g(x)] = lim f(x) /lim g(x), given lim g(x) # 0
xX—C xX—=C xX—C xX—C

n
Power Law: lim f™(x) = (lim f(x)) ,given {n € N | n > 0}
X—=C X—C

Root Law: !cliré Mfx)y=" /!cliré f(x)
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+oo
' " T SO )t e OO e 0 ) .
L'Hospital's Rule: If }}E}g 0= )0 - }cliré 0 }}_r)r;g,(x), given }cliré 70 existsand g'(x) # 0

Squeeze Theorem: Vx € I\{c}, f(x),g(x),h(x) e RAg(x) < f(x) < h(x) A Li_r}rgg(x) = }cli’ré h(x)=L - kl_rg fx)=1L

n a\"

_ . ", e —1\"
7115120(1+E) =e 1111_{{)10(1"‘”) =e llm( ) =1

n—oo n

CONTINUITY AND DISCONTINUITY:
At a point c: f(x) is continuous at c © f(c) € RA }Cingf(x) ERAf(c) = Lirrgf(x)

On an open interval (a. b): f (x) is continuous on (a, b) « f(x) is continuous Vx € (a, b)
On a closed interval [a, b]: f(x) is continuous on (a,b) & f(x) is continuous Vx € (a, b), 1im+f(x) = f(a) (i.e. right-
x—-a

continuous), and lirgl_f(x) = f(b) (i.e. left-continuous)
Pl

Removable Discontinuity: a removable discontinuity exists at x = ¢ « lim f(x) € R A f(x) is not continuous at ¢
X—C

Essential Discontinuity: an essential discontinuity exists at x = ¢ & lim f(x) € R A f(x) is not continuous at ¢
X—C

Vertical Asymptote: y = f(x) has the vertical asymptote x = ¢ &
lim f(x) = £oo Vv lim f(x) = oo regardless of f(c)

X—=C X—C

Horizontal Asymptote: y = f(x) has the horizontal asymptote y = ¢ & Horizontal 0
lim f(x) =c VvV lim f(x)=c

X—+00 X—>—00

Oblique Asymptote: y = f(x) has the oblique asymptotey = mx + b (m # 0) c &
lirIl fX)—(mx+b)=0V lim f(x)—(mx+b)=0

X—+00 X—>—00

Vertical

Intermediate Value Theorem: f (x) is continuous on [a, b] and u is between f(a) and f(b) » Ac € [a,b] : f(c) =u

DERIVATIVES:

,  fx+dx)—f)  f@)—f(x)  df(x)
fie) = lim A =lim———=—""—=D:f(x)
The derivative of y with respect to x (y = f(x)) provided all limits exist.

)=y o = lim LEFAD SO f@ = f(O)_ @)

Ax—0 Ax x—c X —cC dx

= Dyf (c)

x=c
The derivative of y with respect to x (y = f(x)) evaluated at ¢ provided all limits exist.

exists V¢ in the domain of f — f(x) is a differentiable function.

Differentiability: Given y = f(x), lim fletan)f(@)
Ax—0 Ax

Differentiability at a Point: Given y = f(x), Alim0 %}W@
X

exists = f(x) is differentiable at x = c.

Differentiability at point x = a implies continuity at pointx = a
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Given that f(x) and g(x) are differentiable functions and a, b, ¢ € R:

Second Order Derivative of y = f(x):y" = f"(x) = (f'(x)) =

Third Order Derivative of y = f(x): y""' = f"""(x) = ((f’(x))’)’

nth Order Derivative of y = f(x): y™ = f™(x) = Ly _ 4 x) =

dxn dx™
Constant Rule: ¢’ =0
Constant Factor Rule (Kutz Rule): (cf(x))’ =cf'(x)
Sum Rule: (f(x) + g(x))’ =f'x)+g'x)
Subtraction Rule: (f(x) — g(x))’ =f'(x)—g'(x)

d?y _ a?

=

Linearity of Differentiation: (af(x) + bg(x))’ =af'(x) £ bg'(x)
Product Rule (Leibniz Rule): (f(x)g(x))’ =f'(x)gx) + f(x)g'(x)

! ! _ !
Quotient Rule: (@) = f—(xm(?(x;mg =

g(x)
Inverse Function Rule: (f ~1(x))' = 1

fIef 1)
1

Reciprocal Rule;(f(—x)) = (‘fi x()?z

Elementary Power Rule: (x™)' = nx™ 1, givenn € Q

Generalized Power Rule: f(x)g(") = (eg(") In f("))’ = f(x)g(x) (f’(x) 9&)

Chain Rule: (f(g(x))), =f"(9(x))g’ (x)

fx)

asy f
dx? dx2
_dady _ ad3f

dx3

(x

)= L f@) =Dy

() =2 /() =Dyay

dn
—f(x) = Dyny

+9'()Inf(x))

(ef@) = f'(x)e* f'(x) (/@) = f'(x)a’ @1 f'(x)
e x)e ’ a x)a na '
(log, f(x)) = —/——— (In[fC)D" =
¢ f(x)loga f(x)
. ’ : ’ 1 ’ t ! 1
sinx’ = cosx arcsinx’ = ——— cscx’ = —cscxcotx arcescx’ = ————
V1 —x2 x|Vl —x2
, . , 1 , 1
cosx = —sinx arccosx’ = ———— secx’ = secxtanx arcsecx = ——————
V1 —x2 x|Vl — x2
! 2 I 1
tanx =sec“x arctanx’ = o 2 ’ 1
1+ x2 cotx' = —cscex arccotx’ = ———
1+ x2

Critical Point (c): a point ¢ : cisinthedomainof fAf'(c) =0V f'(c) € R

Stationary Point (c): a pointc: f'(c) =0

Given I is an open interval,

> 0 - increasing on |
Increasing\Decreasing Function: f'(x) Vx € 1[= 0 — constant on I
< 0 = decreaing on |

> 0 — concave up on |

Concavity of a Function: f"'(x) Vx € | {: 0 — possible Inflection Point

< 0 - concave down on I
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f'(x)>0vx<cel A f'(x) <0Vx >c €l - local minimum at ¢
f'(x)>0vx<cel A f'(x) >0Vx > c €I - neither
f'(x)<0vx<cel A f'(x) <0Vx > c €l - neither
f'(x)<0Vx<c€l A f'(x) >0Vx >c €1 - local maximum at ¢

First Derivative Test (c is a stationary point):

> 0 - local minimum at c
Second Derivative Test (c is a stationary point): f"'(c) = 0 or undefined — possible Inflection Point
< 0 - local maximum at c

Minima (¢): f(c) < f(x) vx € I\{c} Y
Maxima (c): f(c) = f(x) Vx € I\{c} :

Extrema:
Minima (¢): f(c) < f(x) Vx
iAbsolute\Global {Maxima ©): F(©) = f(x) Vx

(Relative\Local {

Fermat’s Theorem: x = c is a local extrema of f(x) — cis a critical point of f(x)

Mean Value Theorem: f(x) is continuous on [a, b] A differentiable on (a, b) — 3c € (a,b): f'(c) = %ﬁm

Extended Mean Value Theorem: f(x) A g(x) are continuous on [a, b] A differentiable on (a, b) -

3c € (a,b): (f(B) = f(@)g'(c) = (g(b) — g(@))f'(c)

Rolle’s Theorem (Special case of Mean Value Theorem): f(x) is continuous on [a, b] A differentiable on (a,b) A f(a) =
f(b) »3ce(ab): f'(c)=0

Extreme Value Theorem: f (x) is continuous on [a, b] = 3¢ € [a,®),d € (—o,b] : f(c) is the absolute maximum on
[a, b] and f(d) is the absolute minimum on [a, b]

_ f(xn)
I (xn)

Newton’s Method: x,, is the n™" guess for the root/solution of f(x) = 0 = (n+1)" guess x,41 = x,, provided f'(x,)

exists, and is more accurate

TangentLineatx = ato f(x):y = f'(a)(x — a) + f(a)
Normal\Perpendicular Line at x = a to f(x):y = —%(x —b) + f(b)

INTEGRALS: 00

Definite Integral: Given f(x) is a real-valued continuous function on [a, b] on the real line, dividing
[a, b] into n sub-intervals [x;_4, x;] indexed by i, each of which is “tagged” by the point t; €
[x;_1, x;] where Ax; = x;_; — x; yields the Reimann integral, the net signed area of the region in

the xy-plane bounded by the graph of f(x), the x-axis, and the vertical linesx = aandx = b.

Definite Integral of f(x) from a to b with respect to x:

[y f@dx= lim T, f(&)Ax = lim T, f(8) Ax;

Integrability on an Interval: lim Y, f(¢;) Ax; exists — f(x) is integrable on [a, b]
n—-oo

Continuity on the Interval I — Integrability on the Interval I

Fundamental Theorem of Calculus: (f (x) € Rand is continuous Vx € [a, b])

1. Let F(x) be the function defined, Vx on [a, b] by F(x) = f;f(t) dt. Then, F(x) is continuous on [a, b],
differentiable on (a, b), A F'(x) = f(x) Vx € (a, b).
2. Suppose f(x) admits an antiderivative F(x) on [a, b]. That is, such that F'(x) = f(x). If f(x) is integrable on

[a,b], then [ f(x) dx = [f(x)]5 = F(b) — F(a).
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Variable of Integration: x is the dummy variable of integration, dx

Antiderivative: F (x) is the antiderivative of f(x) & F'(x) = f(x)

Indefinite Integral: [ f(x) dx = F(x) + C where F(x) is the antiderivative of f(x) and C is the constant of Integration, an
ambiguity that arises within indefinite integrals, C € R

Given f(x) and g(x) are integrable function and a, b, ¢, d, e € R:

Constant Factor Rule: [ cf (x) dx = c [ f(x) dx, f: cf(x)dx =c fab f(x)dx
Sum Rule: [(f(x) + g(x))dx = [ f(x) dx + [ g(x) dx, fab(f(x) +g(x))dx = f; f(x) dx + fabg(x) dx

Subtraction Rule: [(f(x) — g(x))dx = [ f(x) dx — [ g(x) dx, f:(f(x) —g(x))dx = ff f(x)dx — f; g(x) dx
Linearity of Integration: [(af(x) £ bg(x))dx =a [ f(x)dx £+ b [ g(x) dx, f:(df(x) teg(x))dx=d f:f(x) dx+e f;g(x) dx

Integration by Parts: [ f'(x)g(x) dx = f(x)g(x) — [ f(x)g' (x) dx, fbf’(x)g(x) = [f()g)]a - f:f(x)g’(x) dx

Integration by Substitution (u-substitution): f flg@®)g' @) dt = fg((ab))f(x) dx

Reversing limits of integration: fff(x) dx = — fbaf(x) dx

Integrals over intervals of length zero: f; fx)dx=0

Additivity of integration on intervals: f: fx)dx = facf(x) dx + fcb f(x)dx
Integrals of even functions: f_aaf(x) dx =2 foaf(x) dx

Integrals of odd functions: f_aaf(x) dx =0

Laite Rule (for Integration by Parts): whichever function comes first should be g(x), last should be f'(x)
Logarithmic functions: In x, log;, x
Inverse trigonometric functions: arctan x, arcsec x

L

A

|.  Algebraic functions: x?, 3x5°

T. Trigonometric functions: sin x,tan x
E

Exponential functions: e*, 19*

x x
jexdx=ex+C fa"dx=la—+C Jlnxdx=xlnx—x+C jlogaxdxleogax——+6
na

Ina
jsinxdx =—cosx+C Jcosxdx=sinx+(3 Jtanxdx=ln|secx|+C
jcscxdx = —In|cosx + cotx| + C Jsecxdx = In|secx + tanx| + C Jcotxdx = In|sinx| + C

Composite Newton-Cotes Formulas: quadrature techniques based on interpolating functions (a = x, <& < b = x,,),

formulas below are given N equally spaced partitions

1. Midpoint Rule (0 point — open): f:f(x)dx = Z?’zlb_Ta (%) (1274;1 (&

(b-a)®
12N2

2. Trapezoidal Rule (1 point—closed):fabf(x)dx =yN 2 a(f(xl 0+ flx 1)) —f"() =

b;Na(f(xo) + Zf(xl) + Zf(xz) Zf(xn—l) + f(xn)) — f”(f)

(b-a)?
12N3

3. Simpson’s Rule (2 point — closed): f:f(x)dx = Z?Izzl;;Na (f(xi—z) +af (Xi+xl-_2) + f(xi)) (11,80632 f(4) @ =
T2 (f o) + 4F (1) + 2f () + 4F (x3) o 4f () + £ () — (1b80l11v)2 F@ @)
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Mean Value of a Function over Interval (a, b): f = ﬁf:f(x) dx

Net Signed Area of a Function over Interval (a, b): A = fff(x) dx

Solids of Revolution: (where h\v is the horizontal\vertical axis of rotation)
1. Shell\Cylinder Method of Integration: V = 21 f;xlf(x) —g)|dx
2. Disk\Washer Method of Integration: V = f:lf(x)2 —g(x)?|dx

Arc Length:
1. Rectangular Equation (y = f(x)): s = f: 14+ [f'(x)]?>dx
2. Parametric Equation (x = f(t),y = g(t)):s = fab\/[f’(tt)]2 + [g'(£)]?dt
3. Polar Equation (r = f(8)):s = fab 2 + [f'(0)]2 do

Surface of Revolution:
1. Parametric Equation over x-axis (x = f(t),y = g(t)): A, = 2m f: f(t)\/[f’(t)]2 + [g' ()] dt
2. Parametric Equation over y-axis (x = f(t),y = g(t)): 4, = 2n fabg(t)\/[f’(t)]2 + [g'(£)]* dt
3. Rectangular Equation (y = f(x)): A, = 2@ f;f(x) 14+ [f'(x)]?>dx

SEQUENCE & SERIES

Sequence: {a,}: ay,a4,a;...a, ERNEN,f(x) =a,Vx €N
Limit of a Sequence: lima, =LER o Ve>03INeN:Vn(n=N->|a,—L| <¢€)

n—oo

lim a, = lim f(x) =L € R & {a,} converges
n—-oo n—-oo

Convergence\Divergence of a Sequence: {rlliig)la"l =lim|f()|=LeRo {a,} converges absolutely

(lim a, # L € R & {a,} diverges

n—oo
Series: {Sy}:S, =Xroa;,nEN
lim Sy = L € R & {Sy} converges

N-oo

lim Sy # L € R & {Sy} diverges

Sum of a Series: Yo_ a, = lim Sy = lim ¥¥_;a, {
N-oo N—-oo
N—-oo
Monotonic Sequence: a; < a; Vj > iVa; = a; Vj > i
aM : a, < M o {a,} bounded above by M
Bounded Sequence: < 3N : a, < N & {a,} bounded below by N

M :a, <M A3N:a, <N < {a,} bounded
Monotonic and Bounded Sequence: (ai SqVj>iva =aqVj> i) AIM:a,<MA3IN:aq,<N->lma,=LER

n—-oo

Geometric Series (ratior): Yo ar* =a+ar + ar? + -+ ar™ + - = ﬁ (converges) < |r| <1

nth Term Test for Divergence: lim a,, # 0V lim a, # L € R - {Sy} diverges
n—-oo

n—-oo
Integral Test for Convergence: {Sy} converges < fooof(x) dx=LER f(x) 20Af(x) =a,VXENAf'(x) <0Vx>0
p-Series: Z,‘if:lnip = %p + zip + gip + ---converges & p >1—1p > 1 & diverges
Harmonic Series: Z;’{;oﬁ diverges,a # 0ADb € R

Telescoping Series: a series whose partial sums eventually only have a fixed number of terms after cancellation

. . *_o b, converges — Y>_,a, converges
Direct Comparison Test: 0 < a,, < b,Vn > N € N{Zﬁ,‘o n CONVETg Z£_° " g
Yoy diverges — Yo o b, diverges

Limit Comparison Test: a, > 0Ab, >0Vn >N €N, lim2=LeR> 0 - Yoo An A Yimeo by, both converge V diverge

n—oo On
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Alternating Series Test: a, > 0, Y= ,(—1)"a, A X3 o(—1)""1a, converge & lima, =0Aa,; <a,¥yn>N €ER
n—-oo

<1- Y7 ,a, converges absolutely

=ooV>1-3¥",a, diverges

= 1 - inconclusive

an+1
an

Ratio Test: a, # 0 Vn € N, lim

n—oo

<1-Yr,a, converges absolutely
Root Test: rllgrc}o Vl0aul{=oov> 132 a, diverges
= 1 - inconclusive

nth Taylor Polynomial of degree n for f(x) given f(x) is differentiable in a neighborhood of a real or complex number a:

n

® ' "
F@ =P =D Dm0y = @) + T2 )+ D ey

i!

f™(a)

n!

(x —a)" + Ry (x)
i=0

(n+1)
‘R (x) = f(Tn(lE) (x — a)™? : & € (x,a) is the Lagrange form of the remainder of degree n

In the case that a = 0, the polynomial is also called a nth Maclaurin polynomial of degree n and denoted P,

Taylor Series for f(x) given f(x) is infinitely differentiable in a neighborhood of a real or complex number a:

N ’ L ®
[ = Z : n(a) (x—a)" = f(a) + %(x —a)+ f_z(!a) (x—a)®+ ! 3!(a)

(x—a)®+ -
n=0
In the case that a = 0, the series is also called a Maclaurin series

Power Series centered at a with a radius of convergence r : Vx € (a — r,a + 1) f(x) converges:

[ee]

fx) = Z a,(x—a)"=ag+a;(x —a)' + a,(x —a)® + az(x —3)* + -

n=0

Binomial Series centered at 0 with a radius of convergence 1 Aa € R

co B 5 ~ B 5 ~ ~ B \
(1+42x)* = Z (Z) =14 ax 4 a(a 2!1)x a(a 1)3?!a 2)x N a(a—1)(a 4!2)(a 3)x

n=0
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